This paper announces various extensions of the author's new formulation of the "Fundamental Theorem of Arithmetic" (abbreviated FTA) 1-I so as to classify all multiplicative models of FTA and to show new relations between additive number theory and multiplicative number theory. Further, certain connections are given between the theory to be presented, and algebra (especially ideal theory a la Kummer-Kronecker-Hilbert) and analysis (as concern limiting distributions for squarefree numbers). In general, proofs are not given here.
1. The basic method of the author is reflexive induction, i.e., applying a rule to a portion of the entity obtained from a prior application of that same rule. If a reflexive induction terminates in a finite number of steps, it is called a finite reflexive induction, otherwise an infinite reflexive induction. For example, the Euclidean Algorithm is obtained from the Division Algorithm by finite reflexive induction upon the Division Algorithm; in full strength, Fermat's method of infinite descent4 makes use of an infinite reflexive induction to obtain the standard kind of contradiction for a reductio ad absurdum proof. The new formulation of FTA uses finite reflexive induction in that it applies the standard Gaussian model of FTA,5 viz., n = pla1 P2a2 ... pa to a portion of itself, i.e., to the natural number exponents given by the Gaussian model, until the process terminates. Finiteness of the induction follows by the Well-ordering Principle. The final (unique) configuration of primes alone that represents a natural number is called a mosaic. For example, the mosaic of 10,000 is 222 522, and consists of primes alone.
LEMMA 1 (alternate formulation of FTA). There exists a 1-1 effectively calculable function' v from the natural numbers onto mosaics (identify 1 with the "empty" mosaic).
Upon taking the simple product of the primes alone appearing in the mosaic of a natural number, one can define an interesting effectively calculable number-theoretic function f , 6 from the natural numbers onto the natural numbers.3 For example, recalling the mosaic of 10,000 given above, ,1 (10,000) = 2 2 2 2 2 5 = 160, and ,1 (s) = s for every square-free natural number s. LEMMA 2. Let N be the set of all natural numbers, i.e., strictly positive integers. Put 12 = {(+(.)), and define /t, k > 3, recursively. Lemma 5 follows, since, under the hypothesis stated, every composite number would be representable as the sum of at most 3 primes but of at least 2 primes. Then recall that primes are invariant under 4,t*. That the set is infinite follows from Schnirelmann's Theorem.
It should be clear that analogues of Lemmas 1, 2, and 4 occur in any infinite Unique Factorization Domain, e.g., any regular local ring, any field of rational functions in any prescribed finite number of indeterminates over a field (over the rational number field if one wishes to retain effective calculability). Further, the new model of FTA as well as analogues of the^,1 and A/* functions are applicable to the Fundamental Theorem of Ideal Theory, viz., In the domain of all algebraic integers in an algebraic number field every nonzero ideal can be represented uniquely (except for order) as a product of powers of distinct prime ideals. Since A/'(s) = s for every square-free natural number s, the standard distribution function is intimately related to yk, and thus the present theory bears on analytic number theory.8 2. Starting from the primordial Euclidean form of FTA9 (n = pip.2..-one can classify all other number-theoretic models of FTA into two forms, viz., a pure non-Euclidean form (in which a model is determined by primes alone as with the author's mosaic model of FTA given above) and a mixed form (in which a model is determined, in general, by both primes and composites as with the standard Gaussian model5). Clearly there cannot be a "pure" composite model, since, by hypothesis, every model of FTA contains at least one prime. Thus, the scheme of three forms exhausts all models of FTA. Clearly the mixed form consists of infinitely many algorithmically determined mixed models of FTA, of which the Gaussian model is but one exemplar. On the other hand, the author has been able to produce constructively only one pure non-Euclidean model of FTA from the pure non-Euclidean form, viz., the "mosaic model" given above in section 1.10 8 Mullin, A. A., "Bounds with the distribution of square-free integers," Notices Amer. Math. Soc., 10, 358 (1963 Materials and Methods.-Virus: Strain 777 of SV40 was obtained from Dr. Paul Gerber, and virus stocks were prepared as previously described.8 The pools used in the majority of these experiments were derived from the 3rd, 4th, and 5th Cercopithecus kidney (African green monkey,
